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Abstract 
The aim of this paper is to examine the impact of the choice of “plasticity theory-inspired” SMA model in the 
prediction of the shape of phase transformation domains. In this field a comparison is made between Huber-Von 
Mises based model and an another integrating the asymmetry between tension and compression. Two situations are 
observed
(i) A classical mode I loading on a plate with a crack. The effect of the asymmetry intensity is important for plane 
stress conditions, not for plane strain ones.  
(ii) A problem of delamination between a SMA (shape memory alloy) and an elastic solid, reveales that taking into 
account the asymmetry has negligible impact on the size and the shape of the phase transformation surface generated 
in SMAs.  
Keywords : Shape memory alloys ; pseudoelasticity ; fracture mechanic ; yield surface 
1. Introduction 
The interest is focussed on some “plasticity theory-inspired” SMA models (see for instance Auricchio et 
al [1], Zaki and Mouni [2]) and specially on Raniecki and Lexcellent [3] investigations. Concerning 
other approaches, a review have been made on single crystals (Patoor et al [4]) and polycrystals 
(Lagoudas et al [5]) respective SMA behaviors. As in plasticity, an important tool is the determination 
of the yield surfaces. As there is experimental evidence of the asymmetry between tension and 
compression (Vacher and Lexcellent [6] on copper base alloys, Orgeas and Favier [7] on Ni Ti), the 3D 
SMA model must be some J2, J3 one (see for instance Bouvet et al) [8]. But a question arises : what is 
the impact of the 3D model choice (integration or not integrating the asymmetry between tension and 
compression ) on the phase transformation yield surfaces shape prediction for some mechanical 
problems, (i) for a plate with a crack loaded in mode I (II or III), (ii) for a typical interface crack 
between a SMAs and a linear isotropic medium.  
doi:10.1016/j.proeng.2011.04.369
Procedia Engineering 10 (2011) 2232–2237
1877-7058 © 2011 Published by Elsevier Ltd. 
Selection and peer-review under responsibility of ICM11
Open access under CC BY-NC-ND license.
© 2011 Published by Elsevier Ltd. 
Selection and peer-review under responsibility of ICM11 
Open access under CC BY-NC-ND license.
Christian Lexcellent et al. / Procedia Engineering 10 (2011) 2232–2237 2233
2. Phase transformation zone determination at the vinicity of a crack tip . 
 
In the present paper, only the mode I is investigated (the calculations for mode II and III or mixed mode I + 
II are structuraly the same). Under the assumption of a small scale transformation zone which is experimentaly 
verified with tests of Daly et al [9] on NiTi sheets, the linear elastic fracture mechanic (LEFM) theory use, permits 
the knowledge of the stress field around the crack tip. 
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where (r,θ) are the polar coordinates of a point M from the crack tip point as origin and 
¸¸
¸
¸
¸
¸
¸
¸
¹
·
¨¨
¨
¨
¨
¨
¨
¨
©
§
−
¸
¹
·¨
©
§¸
¹
·¨
©
§
+¸
¹
·¨
©
§¸
¹
·¨
©
§
¸
¹
·¨
©
§¸
¹
·¨
©
§
¸¸¹
·
¨¨©
§
¸
¹
·¨
©
§¸
¹
·¨
©
§
−¸
¹
·¨
©
§
=>=
β
θθθθ
θθθθθ
θ
π
χ
100
0
2
3sin
2
sin1
2
3cos
2
sin
0
2
3cos
2
sin
2
3sin
2
sin1
2
cos
)(q,0
r2
K)r(
1
I
1
(2),(3) 
This equation (3) can be founded classicaly in the LEFM theory concerning mode I. 
loading)  strainplane for DP : 2-1 ; loading  stressplane forCP:1(and νβ = (4) 
Thus, the deviatoric stress tensor defined by 
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(7) 
The yield surface equation of phase transformation initiation (austenite A ĺ martensite M) reads 
cs )MT(b)y(f)(F σσσ σ =−== (8) 
 
Where f > 0, is a smooth function (its second derivative is continuous) defined in the interval Ix (to be 
defined later). In fact, f is introduced to take into account the asymmetry between tension and compression called 
“stress differential effect” by Raniecki and Mroz [10].  
 
 ıc is considered as the yield stress for phase transformation initiation 
 Ms : the martensitic start temperature with stress free state 
 b : the slope of the yield stress dependance with temperature 
 
Bouvet et al [8] choose with yı the Lode invariant 
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And in our case, yı is independent of the variable r. 
One obtains the yield radius r as function of θ which varies from -π to π 
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If one introduces the yield function (eq.8) an adimensionnal rL is defined as 
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The last step is about the calculation of R(θ) and the Lode invariant yı 
( ) ;)cos(1
2
3
2
cos2)(R 22 βθθθ +¸
¹
·¨
©
§
−¸
¹
·¨
©
§
= 2/3
2
2
3
2)cos(1
9
2)cos(1
2)(y
¸
¹
·¨
©
§
+−
−−
=
βθ
βθ
κβθσ (16) 
 
Finally, the adimensional yield radius rL(θ) can be calculated from equation (14) for the correction function 
f(yı) given in equation (9). 
The figure 1 shows the rL evolution versus θ in the plane stress case, for several values of the parameter a (a 
∈[0,1]). The yield curve shape is strongly dependent of the intensity of the asymmetry between tension and 
compression. 
It is not the case in plane strain conditions (see figure 2) where the asymmetry has negligible influence on 
the shape and size of the yield curve. 
 
 
Fig. 1 : Normalized phase transformation zone rL(θ) in the 
plane stress case, for several values of a : a ∈ [0,1]
Fig. 2 : Normalized phase transformation zone rL(θ) in the 
plane strain case, for several  values of a : a ∈ [0,1]
 
One can theoretically predicts under the assumption of complete phase transformation, the corresponding 
surface by replacing MS by MF (Martensite finish in the yield stress ıc expression) (equation 8). 
The unloading is not investigated because one must examine the link between the shape and the size of the 
phase transformation surface and the fracture prediction. 
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3. A delamination problem between a shape memory alloy and an elastic isotropic material 
 
Following the work of Rice et al. [11], we investigate the elastic-brittle fracture theory for cracks between 
dissimular solids : the upper layer is constituted by a shape memory alloy (SMAs) (Material 1) and the lower by an 
isotropic elastic solid (Material 2), as shown on figure 3. 
 
Fig. 3 : A typical interface crack between a SMA and an elastic isotropic medium 
 
Specifically, the stresses at the neighborhood of a crack tip are square-root singular impliying that they are 
unbounded. As a consequence, a stress induced phase transformation (or a detwinning of martensite platelets) 
appears in the neighborhood of a crack tip at the early beginning of the load increment. Hence, a disturbance is 
observed in this region.  
The first aim is to compute the yield transformation surfaces corresponding to the phase transformation 
beginning (ending) around the crack tip (see an illustration on Fig. 3). 
Under the assumption of symmetry between tension and compression for pseudoelastic SMA behavior 
Freed et al [12] built these surfaces. In the present investigation, the asymmetry between tension and compression is 
integrated. 
The stress field expressions are delivered by Rice et al [11], for elastic jointed bi-materials 
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İ called the oscillatory parameter integrating in the calculation the ratio of the different elastic modulus (Ei,  Ȟi) of the 
two materials.  
Ȍ a data.  
.conditions (DP)  strainplane and (CP)  stressplane hdistinguis to permits value  whoseν
  Similar calculations than part 2 of the present paper give the yield radius r(θ) under the simple expression 
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Material datas 
 
Ȟ1 = Ȟ2 = Ȟ  = 0.3   ;   Mat. 1 : Austenite E1 = EA = 70 GPa, Martensite E1 = EM = 30 GPa ; Mat. 2 : E2 = 30 GPa 
[12]. al et Fredby  given those than values  same(the m4.10L,m5.10 Lˆ,2 -2-3s ===ρ
   
The figure 4 (resp 5) represents the transformation zone for plane stress conditions (resp. plane strain 
conditions) with ȥ = 45° (a = 0, symmetry, a = 1 maximal assymmetry). 
 
 
Fig. 4 : Transformation zone for plane stress Fig.5 : Transformation zone for plane strain
 
The observations of the different curves show that the width and the shape of the yield curves are nearly the 
same for symmetry and maximal asymmetry. Moreover, we have performed a lot of simulations by taking different 
ratios of EA and EM and also different ȥ. The proof and existence of the Rice angle solution can be founded in a 
sequal paper by Laydi and Lexcellent  in [13]. 
4. Conclusion 
 
Moreover if one examines the mode I and research the yield surfaces of phase transformation around the 
crack tip, the effect of asymmetry in the 3D model is obvious for plane stress condition, less for plane strain 
one.[14] 
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At last, for a problem of delamination between an upper material made of SMA and a elastic isotropic 
material, the impact of asymmetry in the prediction is negligible. A serious examination of the stress tensor 
delivered by Rice et al 1990 [11] will perhaps explain this observation. 
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